Abstract. Let G be any connected graph on n vertices, n ≥ 2. Let k be any positive integer. Suppose that a fire breaks out at some vertex of G. Then, in each turn firefighters can protect at most k vertices of G not yet on fire; Next the fire spreads to all unprotected neighbours. The k-surviving rate of G, denoted by ρ k (G), is the expected fraction of vertices that can be saved from the fire, provided that the starting vertex is chosen uniformly at random.
Introduction
The following Firefighter Problem was introduced by Hartnell [8] . Let G be any connected graph on n vertices, n ≥ 2. Let k be any positive integer. Suppose that a fire breaks out at some vertex v ∈ V (G). Then in each turn firefighters can protect k vertices of G, not yet on fire and the protection is permanent. Next the fire spreads to all the unprotected neighbours of vertices already on fire. The process ends when the fire can no longer spread. The goal is to save as much as possible and the question is how many vertices can be saved. We refer the reader to the survey by Finbow and MacGillivray [4] for more information on the background of the problem and directions for its consideration.
In this note we focus on the following aspect of the problem. Let sn k (G, v) denote the maximum number of vertices of G that k firefighters can save when the fire breaks out at the vertex v. This parameter may depend heavily on the choice of the starting vertex v, for example when the graph G is a star. Therefore Cai and Wang [1] introduced the following graphical parameter: the k-surviving rate ρ k (G) is the expected fraction of vertices that can be saved by k firefighters, provided that the starting vertex is chosen uniformly at random. Namely
It is not surprising that the surviving rate is connected with the density of a graph. Prałat [13, 14] has provided a threshold for the average degree, which guarantees a positive surviving rate with a given number of firefighters. Precisely, for k ∈ N + let us define τ k = 30 11
Then there exists a constant c > 0, such that for any > 0, any n ∈ N + and any graph G on n vertices and at most (τ k − )n/2 edges one has ρ k (G) > c · > 0. Moreover, there exists a family of graphs with the average degree tending to τ k and the k-surviving rate tending to 0, which shows that the above result is the best possible. In particular, Pralat's results yield that graphs with the average degree lower than 3 3 4 − ε have the 2-surviving rate at least 8 75 ε. While settled in general case, the k-surviving rate is still being investigated for particular families of graphs -the most important is the case of planar graphs. Cai and Wang [1] asked about the minimum number k such that ρ k (G) > c for some positive constant c and any planar graph G. It is easy to see that ρ 1 (K 2,n ) −−−→ n→∞ 0, hence k ≥ 2. So far, the best known upper bound for this number is 3:
). Let G be any planar graph. Then
It has been shown that 2 is the upper bound for triangle-free planar graphs [3] and planar graphs without 4-, 5-or 6-cycles [11, 10, 5] , respectively. In particular Esperet, van den Heuvel, Maffray and Sipma [3] have proven that
for any non-trivial triangle-free planar graph, while Kong, Wang and Zhang [11] that ρ 2 (G) > 1 76 for any non-trivial planar graph without 4-cycles.
In this paper, we improve the above bounds with the following theorem: Theorem 1.2. Let G be any connected planar graph with n ≥ 2 vertices and m edges. If for some ∈ (0, The paper is organised as follows. Section 2 contains a brief description of the firefighters' strategy developed from the separator theorem of planar graphs. Section 3 contains the proof of Theorem 1.2. For background on graph theory we refer the reader to the book [2] , in particular to Chapter 4 for the terminology and basics regarding planarity and plane embeddings of graphs. Note that according to [2] , we imagine the edges of a plane graph as simple polygonal curves, while by the Jordan curve we mean a simple, closed polygonal curve. Considering particular plane graph G and some Jordan curve C by in(C), inC, ex(C) and exC we denote sets of vertices of G in the interior region of C, in the closed interior region (incuding C), in the exterior region and in the closed exterior region of C, respectively.
Separators and the firefighters' strategy
The proof is done using the lemma given by Lipton and Tarjan to prove the separator theorem for planar graphs [12] . The key lemma in their proof, reformulated for our purpose, is quoted below. A similar approach -using the analogy to the following lemma to the firefighter problem on planar graphs, was first applied by Floderus, Lingas and Persson [6] , with a slightly different notation of approximation algorithms. They have proven a theorem analogous to Lemma 2.2. This method was also used to prove Theorem 1.1. The proof and some discussion on such an approach is included in [7] . Lemma 2.1. Let G be any n-vertex plane graph (n ≥ 2) and T be any spanning tree of G. Then there exists an arc uv between two vertices u, v ∈ V (G), not crossing any edge from E(G), such that the unique Jordan curve C, consisting of uv and some edges of T, has the property that the number of vertices in the interior region of C as well as in the exterior region of C is lower than 2 3 n.
Actually in [12] there is considered any spanned supergraph H of G, being a plane triangulation and then an arc uv is some edge of H. To construct the curve C consider two T -paths from r to u and v, respectively. Let z be the last common vertex on these paths. Then the curve C consists of the T -path from z to u, the arc uv and the T -path from v to z.
The defending strategy is the following. Let G be any n-vertex connected plane graph, where n ≥ 5. Suppose that the fire breaks out at a vertex r. Consider a tree T obtained by the breadth-first-search algorithm starting from the vertex r. By Lemma 2.1 there is an arc uv joining vertices u and v determining the Jordan curve C consisting of uv and some edges of T such that |inC| > 1 3 n and |exC| > 1 3 n. Note that the curve C contains at most 2 vertices at any given distance from r. This holds true because the curve C, as mentioned before, is constructed from two shortest paths (as T is breadthfirst-search tree), say u 0 u 1 . . . u i and v 0 v 1 . . . v j , where v 0 = u 0 = r, u i = u and v j = v. The firefighters' strategy relies on protecting in the tth round, for t ≥ 1, vertices u t and v t , until every vertex from both paths, except r, is protected. When the vertex r does not belong to the curve C then firefighters, protecting the whole separator, can save all the vertices in either inC or exC. When the vertex r belongs to the curve C the protection along the separator may be not enough, as the fire may spread through the neighbours of r located in the interior as well as in the exterior region of the curve C. Because then either inC or exC contains not more than
neighbours of r, we get immediately Lemma 2.2.
To increase clarity of the presentation we decided to describe the firefighters' strategy not strictly precise. It may happen that the vertex that should be protected according to our description does not exist or is already protected. For example, in the above paragraph, when u 1 = v 1 or in the ith round when i > j. In such cases firefighters may either protect a random vertex instead or skip the protection at all. Lemma 2.2. Let G be any n-vertex plane graph, where n ≥ 5. Suppose that the fire breaks out at some vertex r. Then using 2 + deg r−2 2 firefighters at the first step and 2 at the subsequent steps one can save more than n/3 − 1 vertices.
For any planar graph with the average degree lower than 4 (e.g. triangle-free graphs, graphs without 4-cycles) we get without much effort: Corollary 2.3. Let G be any planar graph with average degree lower than 4, having at least 2 vertices of degree lower than 4. There is
The proof
Let us start the proof of Theorem 1.2 with a simple observation derived from Lemma 2.2.
Observation 3.1. Let G be any n-vertex plane graph, where n ≥ 5. Let r ∈ V (G) be a vertex of degree at most 3. Then
Dealing with vertices of degree 4 is a bit more complicated. We prove that there is a defending strategy to save a large part of a graph unless more than one neighbour of the vertex where the fire broke out has a high degree. Lemma 3.2. Let G be any n-vertex planar graph, where n ≥ 5. Let r ∈ V (G) be a vertex of degree 4 with at most one neighbour of degree higher than 5. Then
Proof. Let G be any n-vertex triangle-free planar graph, where n ≥ 5, and let plane graph H be its plane embedding. Let r ∈ V (H) be a vertex of degree 4. Consider a tree T obtained by the breadth-first-search algorithm starting from the vertex r. By Lemma 2.1 there are vertices u and v and the Jordan curve C ⊆ T + uv such that |inC| > Consider an open disk around r small enough to contain only one line segments per each of 4 edges adjacent to r. Enumerate neighbours of r as a, b, c, d using a clockwise ordering applied to the corresponding line segments, so that a = u 1 . When v 1 = a, using the strategy described as the introduction to Lemma 2.2, two firefighters can save more than 1 3 n + 1 vertices of a graph (one extra in the first round as u 1 = v 1 ), because vertex r does not belong to the curve C. Similarly, when v 1 ∈ {b, d}, it is possible to save more than 1 3 n − 1 vertices.
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Therefore suppose now that v 1 = c. If in the graph H there exists some shortest path from vertex r to u going through vertex b or d, this path splits either the interior or exterior region of C into 2 pieces. Hence we may use this path and a T -path from r to one vertex from {u, v} to build a Jordan curve C which allow us to save more than 1 6 n − 1 vertices. See Figure 1 for the illustration.
Solid edges are the edges of the spanning tree T, bold if they belong to the curve C. Dashed edges are the edges forming the ru-path through b (possibly but not necessarily belonging to the tree T ). Note that the edges not belonging to T are mostly not depicted. It may happen as well that in the graph H there exists some shortest path from r to u going through vertex c. From any of such paths let us choose this one which contains vertex u i for the least possible i , 1 < i ≤ i. This path also splits either the interior or exterior region of C into 2 pieces. If a piece not containing vertex r has more than 1 6 − 1 vertices we are done. Otherwise let u = u i −1 , v = u i . Note that the curve C build from the T -path from r to u , edge u v and the shortest rv -path going through vertex c has the property that |inC | > 1 6 n + 1 and |outC | > 1 6 n + 1. Moreover there is no shortest path from r to u going through vertex b, c or d. Hence we are ready to proceed to the final case with the curve C , instead of C.
Suppose then that there is no such a "shortcut" and both closed interior as well as closed exterior of C contains more than
. Without loss of generality, assume that deg(c) ≤ deg(a) and that b lies in the interior region of C, while d in the exterior. Note that terms "interior" and "exterior" depend on a particular embedding H of G.
As r has at most one neighbour of degree higher than 5, then one has deg(c) ≤ 5. Note that at most 3 neighbours of c = v 1 belong to either inC or exC. Suppose the exterior case holds (the interior one is analogous). One of these neighbours is v 0 = r. Let the second (supposed) neighbour, say x, belong either to C (x = v 2 when v 1 = v) or to exC, while the 3rd one, if exists, is y ∈ exC. The firefighters' strategy is now the following. At their first round they protect u 0 = a and d. In the second one -x and y, then in the tth round (t > 2) -u (t−1) and v t . This still allows to protect the exterior region of C, because otherwise there would exist a path from b or c to u of a length lower than dist(r, u). Hence, we are able to save more than 1 6 n − 1 vertices (r and c are burned). See Figure 1 for details.
The rest of this section is devoted to calculate from the above lemmas the 2-surviving rate for a planar graph of a given average degree, to prove the bound given by Theorem 1.2. The bound is trivially true for graphs on not more than 4 vertices. Fix n ∈ N, n ≥ 5 and > 0 and let G be any connected planar graph on n vertices of average degree
